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566. 


ON THE TRANSFORMATION OF THE EQUATION OF A SURFACE 
TO A SET OF CHIEF AXES. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. x11. (1873), 
pp. 34—38.] 


WE have at any point P of a surface a set of chief axes (PX, PY, PZ), viz. 
these are, say the axis of Z in the direction of the normal, and those of X, Y in 
the directions of the tangents to the two curves of curvature respectively. It may 
be required to transform the equation of the surface to the axes in question; to 
show how to effect this, take (æ, y, z) for the original (rectangular) coordinates of the 
point P, «+x, y+éy, 2+6z2 for the like coordinates of any other point on the 
surface, so that (dz, dy, z) are the coordinates of the point referred to the origin P; 
the equation of the surface, writing down only the terms of the first and second 
orders in the coordinates ôs, dy, Sz, is 

Aba + Boy + Cdz+4(a, b, c, f, g, h) (Sa, Sy, z} + &e. = 0, 
where (A, B, C) are the first derived functions and (a, b, c, f, g, h) the second derived 
functions of U for the values (æ, y, 2) which belong to the given point P, if U=0 
is the equation of the surface in terms of the original coordinates (a, y, z); we have 
X, Y, Z linear functions of (ðv, dy, dz); say . 


da | by | 82 


bs Sa bh ty 
that is, X = a~ôðs + 8ðy + yıðz, &c. and de=a,X+a,Y+aZ, &c. where the coefficients 
satisfy the ordinary relations in the case of transformation between two sets of rect- 
angular axes; and the transformed equation is therefore 
A (aX + aY+4Z)+B(B,X + BY + BZ) +0 (yX +%¥Y +yZ) 
+(a, b, c, f, 9, h) (@X +a Y +aZ, PiX +BY + BZ, yX+yV+yZ)=0, 
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or, as this may be written, 
X (Aa, + BB, + Cy) + Y (4a + BB: + Cy.) + Z (Aa + BB+ Cy) 
+ 3X? (a,...)(%, Bis NnF 
+4Y° (a,...)(%, Bar VÙ 
+ XY(a,...)(%, Bi 1) (%, Bes Y) 
+ XZ (a,...)(@, Bi, n)(@, Bs Y) 
+ YZ (a...) (4, Pos Y) (a, B, x) 
+42 (a,...)(@,B, 7) + &. =0, 
where the &c. refers to terms of the form (X, Y, ZÝ and higher powers. 


But in order that the new axes may be chief axes, we must have 
Aa, + BB, + Cy, = 0, 
Aa, + BB, be Oya ad 0, 
(a, ...)(%, By, yı) (a, Ba» 2) = 0, 


so that putting for shortness 
Aa+BB+Cy=V, 
the equation becomes 
VZ+4X* (a, ves) (4, ĝi» y +4Y? (a, wee) (Qa, i; Y) 
+ XZ (a, si) (a, Bai yı) (a, B, y) 
+ YZ (a, ...)(%, Ba Y2) (4, B, Y) 


+4 (a,...)(@, 8,7) + &. = 0. 
We have 
AT as C = Biy — Ban © YA — Y4 : QÉ — Ab, 
that is, 
= a : B : y ; 
and thence 
cen s S 
a, B, Y Mit ga Vv? V = (4A? + B+ 0°). 
I write 


z =a eB. T, 


and also for a moment 


P=(a——, ho, g ) (a, Bi; %); 
Q=( h , b->, Ff ) (a, Bum) 


R=( Bia Gass 0-5) (a By, %)- 
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We find 
1 
Pa, + QP, + Ry = (a, T, (a, B,, yy? = py’ sT 0, 
1 
Pa, + QB. + Ry: = (a, val (a, ĥi» yı) (aa; Ba Y2) = pi (0, U ıb: a Ye); = 0, 
and thence 
P:Q: R=- Bh : M2 — ym : ab — ap, 
= a £ B : ry, ? 
or say 


P,Q, R=06,A, 6,B, 0,0; 


we have thus the equations 


(e= 5> hes Jong ) @ By, ) =04, 


(4. b-5, Ff ) GB w= OB, 


( ee Yoa c=>) (4, B mn) =AC, 


and joining hereto 


(A, B, C)(@,; B nm) =9, 


we eliminate œ, ;, yı and obtain the equation 


1 
area h > > A = 0, 
a p g 
1 
h , b--, EE: 
Pi 4 
1 
? ? ae C 
g St ears 


and in like manner writing ' 
1 
p: =e (a, m9, (az, Bi ys)’, 


2 


we have the same equation for p,; wherefore pı, p, are the roots of the quadric equation 


1 
i= =. h , 9 A = (0, 
: g 


lu pobre J iB 


Q 
SE 
o 
| 
| 

Q 
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Moreover, pı, pa being thus determined, we have, %, i, Yı Ô proportional to the 
determinants formed with the matrix 


wipe h , ? A 
a pı g 
aaa AAEN S 
> pr” > 
1 
> mets se C > 
ace J “ Pi 


say, %, Pr, yy =k, kB, kE, kO, where XA, B, ©, Qi are the determinants in 
question; and then 1 = k? (M? + B+ ©), or we have 


7 ead etl. i: 
1 (Ae + Be + Ee) 
But we find at once 
(a, woe) (%, Ba; y) (4, B, y)= 0 (Aa+ BB+ Oy) =0,V, 


that is, 
vO 


(a, anal (a, A, y) (a, B, y= VO + Be + ©’ 
and in the same manner 


(a, +++) (a, Bor Ya) (% P, V= BITES 


Hence the transformed equation is 


xX? y2 
VZ — — 
Ae eS 


VO V2. 
+ X4 Tor B24 Gs + 14 Jas B+ 


Pe panes sa &c. = 0, 


where it will be recollected that V =./(A?+B°?+C*), The &c. refers as before to the 
terms (X, Y, Z) and higher powers, which are obtained from the corresponding terms 
in dz, dy, z, by substituting for these their values 64=a4,X +4,Y+aZ, &c., where the 
coefficients have the values above obtained for them. It will be observed, that the 
radii of curvature are Vp,, Vp., and that the process includes an investigation of the 
values of these radii of curvature similar to the ordinary one; the novelty is in the 
terms in XZ, YZ, and Z*. But regarding X, Y as small quantities of the first order, 
Z is of the second order, and the terms in XZ, YZ are of the third order, and that 


in Z? of the fourth order. 
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